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Abstract
Let m be a positive integer such that gcd(m; ’(m)) = 1 (’ is Euler’s phi function) with
m=p1 · · ·pr the prime power decomposition of m. Let n=pa11 · · ·parr . We provide a su/cient
condition to reduce the Cayley isomorphism problem for Cayley objects of an abelian group
of order n to the prime power case. In the case of Cayley k-ary relational structures (which
include digraphs) of abelian groups, this su/cient condition reduces the Cayley isomorphism
problem of k-ary relational structures of abelian groups to the prime power case for Cayley
k-ary relational structures of abelian groups. As corollaries, we solve the Cayley isomorphism
problem for Cayley graphs of Zn (for the speci3c values of n as above) and prove several
abelian groups (for speci3c choices of the ai) of order n are CI-groups with respect to digraphs.
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0. Introduction
Modern interest in the Cayley isomorphism problem began in 1967 when :Ad:am [1]
conjectured that two Cayley graphs of Zn are isomorphic if and only if they are iso-
morphic by a group automorphism of Zn. It was shown quite quickly by Elspas and
Turner [8] that this conjecture is false. The problem, though, of determining necessary
and su/cient conditions for two Cayley graphs of a group G to be isomorphic (the
necessary and su/cient conditions are usually given in terms of an explicit, hope-
fully short, list of isomorphisms) has gained considerable attention and has also been
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generalized to combinatorial objects other than graphs. Throughout this paper, G is a
3nite group. For group theoretic terms not de3ned in this paper, see [3]. We begin
with some de3nitions.
Denition 1. Let G be a group and de3ne gL : G → G by gL(x) = gx. Let GL =
{gL: g∈G}. Then GL is the left-regular representation of G. We de3ne a Cayley
object of G to be a combinatorial object X (e.g. digraph, graph, design, code) such
that GL6Aut(X ), where Aut(X ) is the automorphism group of X (note that this
implies that the vertex set of X is in fact G). If X is a Cayley object of G in some
class K of combinatorial objects with the property that whenever Y is another Cayley
object of G in K, then X and Y are isomorphic if and only if they are isomorphic by
a group automorphism of G, then we say that X is a CI-object of G in K. If every
Cayley object of G in K is a CI-object of G in K, then we say that G is a CI-group
with respect to K. If G is a CI-group with respect to every class of combinatorial
objects, then G is a CI-group.
Most of the work that has been done on the Cayley isomorphism problem has been
directed towards Cayley graphs. Usually, although not always, the proofs given in
the literature hold for digraphs as well as graphs. For a recent survey of results on
the Cayley isomorphism problem for (di)graphs, the interested reader is referred to
[16]. With a few exceptions, the results obtained thus far have used the following
characterization of the CI-property due to L. Babai.
Lemma 2 (Babai [2]). Let X be a Cayley object of G in some class K of combina-
torial objects. Then the following are equivalent:
(1) X is a CI-object of G in K;
(2) whenever ∈ SG such that −1GL6Aut(X ), then GL and −1GL are conju-
gate in Aut(X ).
Thus determining which groups G are CI-groups can be done by computing which
groups G have the property that GL and −1GL are conjugate in 〈GL; −1GL〉.
Somewhat surprising, all CI-groups are known. This powerful result is, in a real sense,
the basis of the results that will follow.
Theorem 3 (P:alfy [22]). A group G is a CI-group if and only if gcd(n; ’(n)) = 1 or
n= 4, where ’ is Euler’s phi function.
There has also been some work done on determining the isomorphism classes of
Cayley objects of certain groups that are not CI-groups. These results give an explicit
list of isomorphisms of Cayley objects of these groups between diKerent Cayley objects.
Thus two Cayley objects X and X ′ of these groups are isomorphic if and only if they
are isomorphic by one of the bijections given in the list. It will be useful to have the
following de3nition.
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Denition 4. Let G be a 3nite group. We say that S ⊆ SG is a solving set for a Cayley
object X in a class of Cayley objects K if for every X ′ ∈K such that X ∼= X ′, there
exists s∈ S such that s(X )=X ′. We say that S ⊆ SG is a solving set for a class K of
Cayley objects of G if whenever X; X ′ ∈K are Cayley objects of G and X ∼= X ′, then
s(X )=X ′ for some s∈ S. Finally, a set S is a solving set for G if whenever X; X ′ are
isomorphic Cayley objects in any class K of combinatorial objects, then s(X ) = X ′
for some s∈ S.
Several observations are in order. First, solving sets, as de3ned, are not unique, as
if S is a solving set, then {sgL: s∈ S} is a solving set for every g∈G. In terms of
our previous terminology, a group G is a CI-group for a class K of combinatorial
objects if and only if a solving set S of K consists of all automorphisms of G. Stated
with this terminology, HuKman et al. [13] have determined a solving set for Zp2 ; p
a prime, HuKman [12] has determined a solving set for Zpq; p and q distinct primes,
and the author and Witte [7] have determined a solving set for Zp × Zp; p a prime.
Additionally, Muzychuk [20] has shown that for n as in the abstract, a solving set for
Zn is of the form S(1)× · · · × S(r), where each S(i) is a solving set for Zpaii .
Denition 5 (Hassani et al. [10]). Let n=
∏r
i=1 p
ai
i and s=
r
i=1ai. A transitive group
G of degree n is genuinely s-step imprimitive if there exists a sequence of normal
subgroups of G; 1 = N0 ¡N1 ¡N2 ¡ · · ·¡Ns = G, where each Ni; 16 i6 s, is in-
transitive and the orbits of Ni are properly contained in the orbits of Ni+1; 06 i6 s−1.
We will call 1 = N0 ¡N1 ¡N2 ¡ · · ·¡Ns = G an s-step imprimitivity series.
We will generalize Muzychuk’s result to abelian groups of order n provided that
whenever X is a Cayley object of G and ∈ SG such that −1GL6Aut(X ), then
there exists !∈Aut(X ) such that 〈GL; !−1−1GL!〉 is genuinely s-step imprimitive.
Using this result, it is not then di/cult to prove the other results mentioned in the
abstract.
1. Group theoretic results
Denition 6. Let G be a transitive permutation group admitting a complete block sys-
tem B of m blocks of size k. For g∈G, de3ne g=B in the symmetric group Sm by
g=B(i) = j if and only if g(Bi) = Bj; Bi; Bj ∈B. We de3ne 3xB(G) = {g∈G: g(B) =
B for every B∈B}. Thus 3xB(G) consists of those permutations in G which 3x each
block set-wise, and is thus the kernel of G acting on B.
Denition 7. Let G be a permutation group acting on V . The stabilizer of a point
v in G, denoted StabG(v), is the group of all permutations in G that 3x v. That is,
StabG(v) = {g∈G: g(v) = v}.
The proof of the following result is straightforward and left to the reader.
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Lemma 8. Let n =
∏r
i=1 p
ai
i ; s = 
r
i=1ai, and G6 Sn a genuinely s-step imprimitive
group with s-step imprimitivity series 1 = N0 ¡N1 ¡ · · ·¡Ns = G. Let Bi be the
complete block system formed by the orbits of Ni. Then G=Bi is genuinely (s− i)-step
imprimitive with (s− i)-step imprimitivity series 1 = 3xG(Bi)=3xG(Bi)¡ 3xG(Bi+1)=
3xG(Bi)¡ · · ·¡Ns=3xG(Bi) = G=Bi.
The properties of transitive nilpotent groups will drive most of the results of this
paper. We now examine some of these properties.
Lemma 9. A transitive nilpotent group is genuinely s-step imprimitive.
Proof. We proceed by induction on s. If s = 1, the result is trivial. For s¿ 2, let G
be a transitive nilpotent group. As G is nilpotent, G contains a nontrivial center Z(G).
Let N16Z(G) be of prime order. Then the orbits of N1 form a complete block system
B with blocks of prime length. By induction, as G=B is nilpotent, it is (s − 1)-step
imprimitive with imprimitive series 1=N ′0 ¡N
′
1 ¡N
′
2 ¡ · · ·¡N ′s−1. For 16 i6 s−1,
let Ni+16G such that Ni+1=B = N ′i . Then 1 = N0 ¡N1 ¡N2 ¡ · · ·¡Ns is an s-step
imprimitive series of G.
Lemma 10. Let n=pa11 p
a2
2 : : : p
ar
r be the prime power decomposition of n, and G be a
transitive nilpotent subgroup of Sn. Then G admits unique complete block systems Bi
and Ci, where Bi consists of n=p
ai
i blocks of size p
ai
i and Ci consists of p
ai
i blocks of
size n=paii . Furthermore, 3xG(Bi) is a Sylow pi-subgroup of G; G=Ci is a pi-subgroup
of the same order as a Sylow pi-subgroup of G, and 3xG(Bi)|B is equivalent to G=Ci
for every B∈Bi and 16 i6 r. Finally, G is equivalent to
∏r
i=1 G=Ci.
Proof. That G admits Bi as a complete block systems with blocks of the required
orders follows immediately from the fact that, as G is nilpotent, it contains a unique
Sylow pi-subgroup Pi so that Bi is formed by the orbits of Pi . Furthermore, G admits
complete block systems Ci of mi = p
ai
i blocks of size ki = n=p
ai
i formed by the orbits
of the normal pi-complement, 16 i6 r (so that Bi consists of ki blocks of size mi).
If 3xG(Bi) is not a Sylow pi-subgroup, then pi divides the order of |G=Bi| so that
G=Bi has a unique Sylow pi-subgroup. The unique Sylow pi-subgroup of G=Bi would
then form a complete block system of G=Bi with orbits of size, say, p
bi
i . However, pi
does not divide the order of ki, so that 3xG(Bi) is a Sylow pi-subgroup. This implies
that every complete block system of G of ki blocks of size mi is formed by the orbits
of the Sylow pi-subgroup of G. As this group is unique, Bi is the unique complete
block system of ki blocks of size mi. A similar argument will show that G=Ci is a
pi-group with order the same as 3xG(Bi) and that Ci is the unique complete block
system of G of mi blocks of size ki.
Clearly there exists B∈Bi and C ∈Ci such that B ∩ C = ∅. By [24, Proposition
6.1], B ∩ C is again a block of G and as B and C have relatively prime order,
|B ∩ C| = 1. Further, there are miki = n possible diKerent intersections of blocks of
Bi and blocks of Ci. We conclude that |B ∩ C| = 1 for every B∈Bi and C ∈Ci. By
[3, Lemma 1.6B], to show 3xG(B)|B is equivalent to G=Ci, we need only show that
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if x∈B then there exists C ∈Ci such that Stab3xG(Bi)|B(x)=StabG=Ci(C). Let x∈B. As
|3xG(Bi)|= |G=Ci|, |Stab3xG(Bi)(x)|= |Stab3xG=Ci (C)|, for every C ∈Ci, so it su/ces to
show that Stab3xG(Bi)(x) ⊆ StabG=Ci(C). By arguments above, there exists C ∈C such
that x∈C, and as |B ∩C|= 1; B ∩C = {x}. If %∈Stab3xG(Bi)(x), then as %(x) = x, we
have that %(C) = C so that Stab3xG(Bi)(x) ⊆ StabG=Ci(C) as required.
Let g∈StabG(x). As G is nilpotent, G = P1 × · · · × Pr , where each Pi is a Sy-
low pi-subgroup of G. By earlier arguments, we also have that G is isomorphic (as
abstract groups) to
∏r
i=1 G=Ci. Furthermore,
∏r
i=1 G=Ci has a natural action on∏r
i=1 Ci and |
∏r
i=1 Ci| = n. Let Ci ∈Ci such that x∈Ci. Then, of course, g(Ci) =
Ci for every 16 i6 r. Hence g∈Stab∏r
i=1 G=Ci
((C1; : : : ; Cr)). Thus StabG(x) ⊆
Stab∏r
i=1 G=Ci
((C1; : : : ; Cr)). By order arguments, |StabG(x)|=|Stab∏r
i=1 G=Ci
((C1; : : : ; Cr))|
so that StabG(x) is the stabilizer of the point ((C1; : : : ; Cr)) in the representation of G
acting on
∏r
i=1 Ci so that G is equivalent to
∏r
i=1 G=Ci, completing the lemma.
Let G be the right (and left) regular representation of Zn (so that G = {x → x +
1 (mod n)}. Then NSn(G) = {x → ax + b: a∈Z∗n ; b∈Zn}. Note that if n is square-free
and gcd(n; ’(n)) = 1, then for every prime p|n, we have that NSn(G) has a unique
Sylow p-subgroup of order p. We denote NSn(G) by N (n).
Lemma 11. Let n be a positive integer and pi; pj|n be distinct primes such that
gcd(pipj; ’(pipj)) = 1. Let G1 and G2 be transitive subgroups of Sn such that
〈G1; G2〉 admits a complete block system B of n=(pipj) blocks of size pipj formed
by the orbits of H1 / G1 and H2 / G2, where H1 and H2 are nilpotent. Then there
exists !∈ 〈G1; G2〉 such that 〈G1; !−1G2!〉 admits complete block systems C and D
of n=pi blocks of size pi and n=pj blocks of size pj, respectively, and 〈G1; !−1G2!〉6
〈G1; !−1G2!〉=BKN (pipj).
Proof. Note that 3xG1 (B)|B and 3xG2 (B)|B are transitive nilpotent subgroups of Spipj ,
and hence are both regular and cyclic for every B∈B. Let B={B‘: ‘∈Zn=(pipj)}. Then
3xG1 (B)|B0 and 3xG2 (B)|B0 are regular cyclic subgroups of 〈3xG1 (B); 3xG2 (B)〉|B0 and
by Theorem 3 are conjugate in 〈3xG1 (B); 3xG2 (B)〉|B0 . Let  0 ∈ 〈3xG1 (B); 3xG2 (B)〉|B0
such that  −10 3xG2 (B)|B0 0 =3xG1 (B)|B0 . By the same argument, both 3xG1 (B)|B1 and
3x −10 G2 0 (B)|B1 are regular cyclic subgroups, and hence there exists  1 ∈ 〈3xG1 (B);
3x −10 G2 0 (B)〉|B0 such that  
−1
1 3x −10 G2 0 (B) 1|B1 = 3xG1 (B)|B1 . Furthermore, 〈3xG1
(B); 3x −10 G2 0 (B)〉|B0 = 3xG1 (B)|B0 and  1|B0 ∈ 3xG1 (B)|B0 . We conclude that
3x −11  −10 G2 0 1 (B)|B0 = 3xG1 (B)|B0 . Continuing inductively, there exists  ∈ 〈3xG1 (B);
3xG2 (B)〉 such that 〈3xG1 (B); 3x −1G2 (B)〉|B = 3xG1 (B)|B for every B∈B (and are
thus regular cyclic groups of order pipj). We thus assume without loss of generality
that 3xG2 (B)|B = 3xG1 (B)|B for every B∈B.
Let K=〈3xG1 (B)|B: B∈B〉. Then 3xG1 (B); 3xG2 (B)6K . It is then easy to see that
every element of 〈G1; G2〉 normalizes K so that 〈G1; G2〉6NSG (K) ∼= Sn=(pipj)KN (pipj)
and so we also have that 〈G1; G2〉6 〈G1; G2〉=BKN (pipj). Then 3x〈G1 ;G2〉(B) is iso-
morphic to a subgroup of 1Sn=(pipj )KN (pipj). As 3x〈G1 ;G2〉(B)|B6N (pipj); 3x〈G1 ;G2〉(B)
has a unique Sylow pi and pj-subgroup, whose orbits have orders pi and pj respec-
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tively. As normal Sylow subgroups are fully invariant, these Sylow subgroups are also
normal in 〈G1; G2〉, and so their orbits form the required complete block systems.
We now prove the result which will be our main tool.
Theorem 12. Let m be a positive integer with gcd(m;’(m)) = 1 and m= p1p2 · · ·pr
be the prime power decomposition of m. Let n = pa11 p
a2
2 · · ·parr , where a‘¿ 1 is a
positive integer, and s=
∑r
i=1 ai. Let G1 and G2 be regular abelian subgroups of Sn
such that 〈G1; G2〉 is genuinely s-step imprimitive. Then there exists ∈ 〈G1; G2〉 such
that 〈G1; −1G2〉 is nilpotent.
Proof. First observe that if n is a power of the prime p, then the result holds as
G1 and G2 are contained in Sylow p-subgroups N1 and N2 of 〈G1; G2〉. Then there
exists ∈ 〈G1; G2〉 such that −1N2 =N1. We then have that 〈G1; −1G2〉6N1. As
a p-group is nilpotent, the result follows.
Let s =
∑r
‘=1 a‘. We proceed by induction on s. If s = 1, then n is a prime (and
so a prime power) and the result follows from arguments above. We thus assume that
the result holds for all regular abelian subgroups G1; G26 Sn such that 〈G1; G2〉 are
genuinely (s − 1)-step imprimitive. Let G1; G26 Sn be regular and abelian such that
〈G1; G2〉 is genuinely s-step imprimitive. By arguments above, we may assume without
loss of generality that n is not a prime power.
As 〈G1; G2〉 is genuinely s-step imprimitive, 〈G1; G2〉 admits a complete block sys-
tem B1 of n=pi blocks of size pi for some 16 i6 r such that 3xG1 (B1) = 1 and
3xG2 (B1) = 1. (This follows as both G1=B1 and G2=B1 are abelian, and a transi-
tive abelian group is regular.) By Lemma 8, 〈G1; G2〉=B1 is genuinely (s − 1)-step
imprimitive. It thus follows by the induction hypothesis that there exists ∈ 〈G1; G2〉
such that 〈G1; −1G1〉=B1 is nilpotent. We thus assume without loss of generality that
〈G1; G2〉=B1 is nilpotent.
As 〈G1; G2〉=B1 is nilpotent, 〈G1; G2〉=B1 has a normal Sylow pi-subgroup, so that
〈GL; −1GL〉=B1 admits a complete block system of n=paii blocks of size pai−1i . We
conclude that 〈G1; G2〉 admits a complete block system F of n=paii blocks of size
paii . Furthermore as n is not a prime power, there exists pj|n such that pj = pi.
Then 〈G1; G2〉=B1 also has a unique Sylow pj-subgroup so that 〈G1; G2〉=B1 admits a
complete block system of n=(pipj) blocks of size pj. Hence 〈G1; G2〉 admits a complete
block system H of n=(pipj) blocks of size pipj.
By Lemma 11, we may assume that 〈G1; G2〉6 〈G1; G2〉=HKN (pipj) and 〈G1; G2〉
admits a complete block system G of n=pj blocks of size pj. As 〈G1; G2〉6 〈G1; G2〉=
HKN (pipj), it is not di/cult to see using Lemma 9 that 〈G1; G2〉=G is genuinely
(s − 1)-step imprimitive. Hence by the induction hypothesis we may assume, after a
suitable conjugation, that 〈G1; G2〉=G is nilpotent.
As 〈G1; G2〉=G is nilpotent, 〈G1; G2〉=G admits a complete block system of paii
blocks of size n=(paii pj). Hence 〈G1; G2〉 admits a complete block system E of paii
blocks of size n=paii . Thus 〈G1; G2〉6 Spaii KSn=(paii ). As 〈G1; G2〉 also admits F as
a complete block system, we have that 〈G1; G2〉6 Sn=(paii )KSpaii . We conclude that〈G1; G2〉6 (Spaii KSn=(paii )) ∩ (Sn=(paii )KSpaii ) = Spaii × Sn=(paii ).
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Finally, by the induction hypothesis, we may, after a suitable conjugation, assume
that 〈G1; G2〉=F is nilpotent, and, after another suitable conjugation, that 〈G1; G2〉=E
is also nilpotent. Then 〈G1; G2〉6A × B, where A is a transitive nilpotent group of
degree paii and B a transitive nilpotent group of degree n=(p
ai
i ), so that 〈G1; G2〉 is
contained in a nilpotent group. Thus 〈G1; G2〉 is nilpotent and the result follows by
induction.
2. Combinatorial results
The following result is a straightforward generalization of [20, Lemma 1.1] (and
ultimately of Lemma 2). The proof is stated here for completeness.
Lemma 13. Let G be a 9nite abelian group, and S ⊆ SG a set of permutations. Then
the following conditions are equivalent:
(1) S is a solving set for a Cayley object X in a class K of Cayley objects of G,
(2) whenever ∈ SG such that −1GL6Aut(X ), then there exists s∈ S and v∈
Aut(X ) such that v−1−1gLv= s−1gLs for every g∈G.
Proof. 1) implies 2). Let ∈ SG such that −1GL6Aut(X ). Then (X ) is a Cayley
object of G in K. As S is a solving set for X , (X ) = s(X ) for some s∈ S. Thus
−1s∈Aut(X ) and if g∈G, then (−1s)−1−1gL(−1s) = s−1gLs as required.
2) implies 1). Let X and X ′ be isomorphic Cayley objects of G in K. Then there
exists ∈ SG such that (X )=X ′. As GL6Aut(X ′); −1GL6Aut(X ). By hypothesis,
there exists s∈ S and v∈Aut(X ) such that v−1−1gLv = s−1gLs for every g∈G. As
G is abelian, GL is self-centralizing, so that sv−1−1 ∈GL. Thus sv−1−1=gL for some
g∈G and so s= gLv. Then s(X ) = gLv(X ) = gL(X ) = gL(X ′) = X ′.
The following two lemmas are now straightforward (for the last, it may be helpful
to see [2]).
Lemma 14. Let G be a 9nite abelian group, and S ⊆ SG a set of permutations. Then
the following conditions are equivalent:
(1) S is a solving set for a class K of Cayley objects of G,
(2) whenever X ∈K is a Cayley object of G and ∈ SG such that −1GL6Aut(X ),
then there exists s∈ S and v∈Aut(X ) such that v−1−1gLv = s−1gLs for every
g∈G.
Lemma 15. Let G be a 9nite abelian group, and S ⊆ SG a set of permutations. Then
the following conditions are equivalent:
(1) S is a solving set of G,
(2) whenever ∈ SG then there exists s∈ S and v∈ 〈GL; −1GL〉 such that s−1gLs=
v−1−1gLv.
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Theorem 16. Let m be a positive integer with gcd(m;’(m)) = 1 and m= p1p2 · · ·pr
be the prime power decomposition of m. Let n = pa11 p
a2
2 · · ·parr , where a‘¿ 1 is a
positive integer. Let X be a Cayley object of an abelian group G=
∏r
i=1 Pi of order
n in a class K of combinatorial objects, where Pi is a Sylow pi-subgroup of G. Let
S(i) be a solving set for Pi. If, whenever ∈ SG such that −1GL6Aut(X ) there
exists !∈Aut(X ) such that 〈GL; !−1−1GL!〉 is genuinely s-step imprimitive, then
there exists a solving set for X that is contained in
∏r
i=1 S(i).
Proof. As 〈GL; !−1−1GL!〉 is genuinely s-step imprimitive, by Theorem 12, there
exists –∈ 〈GL; !−1−1GL!〉 such that H = 〈GL; –−1!−1−1GL!–〉 is nilpotent. As H
is nilpotent, it follows by Lemma 10 that H is equivalent to
∏r
i=1 H=Ci, where each
H=Ci is isomorphic to a Sylow pi-subgroup of H , and Ci is as in Lemma 10. As S(i)
is a solving set for Pi, by Lemma 15 there exists si ∈ S(i) and vi ∈H=Ci such that
v−1i ((–
−1!−1−1gL!–)=Ci)vi = s−1i (gL=Ci)si for every g∈G. Let s = (s1; : : : ; sr) and
v = (v1; : : : ; vr). As H is equivalent to
∏r
i=1 H=Ci, we have that v∈H and s−1gLs =
v−1–−1!−1−1gL!–v for every g∈G. The result then follows by Lemma 13.
Denition 17. Let - be a set. A k-ary relational structure on - is a subset of -k =
∏k
i=1 -. A group G6 S- is called k-closed if G is the intersection of the automorphism
groups of some set of k-ary relational structures. The k-closure of G, denoted G(k), is
the intersection of all k-closed subgroups of S- that contain G.
One obstacle to extending isomorphism results for k-ary relational structures (and in
particular for binary relational structures) is that while Aut(X ) is k-closed, if B is a
complete block system of Aut(X ) there is no guarantee that Aut(X )=B or 3xAut(X )(B)|B
are k-closed. The next result shows this problem need not arise for nilpotent groups.
We shall have need of the following lemma.
Lemma 18 (KaluPznin and Klin [14]). Let G6 SX and H6 SY . Let G×H act canon-
ically on X × Y . Then (G × H)(k) = G(k) × H (k) for every k¿ 2.
Theorem 19. Let G = P1 × P2 × · · · × Pr; r¿ 1, be a transitive, nilpotent subgroup
of Sn, where each Pi is a Sylow pi-subgroup of G. Let Ci be the unique complete
block system of G formed by the orbits of the normal pi-complement of Pi. Then
G(k) =
∏r
i=1 (G=Ci)
(k) is nilpotent for all k¿ 2.
Proof. Inductively applying Lemma 18 we have that G(k) =
∏r
i=1 P
(k)
i . As (G
(2))(k) =
G(2) [25, Theorem 5.10, p. 247], we have that G(k)6G(2) for every k¿ 2. As the
2-closure of a p-group is a p-group [25, Exercise 5.28, p. 250], we have that G(k) is
nilpotent. The result then follows from Lemma 10.
Note that the following result diKers from Theorem 16 in that the solving set S(i)
is for Pi within a particular class of combinatorial objects, whereas in Theorem 16 the
solving set S(i) for Pi was for every class of combinatorial objects.
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Theorem 20. Let m be a positive integer with gcd(m;’(m))=1 and m=p1p2 · · ·pr be
the prime power decomposition of m. Let n=pa11 p
a2
2 · · ·parr , where a‘¿ 1 is a positive
integer. Let X be a Cayley object of an abelian group G=
∏r
i=1 Pi of order n in the
class K of k-ary relational structures, where Pi is a Sylow pi-subgroup of G. Let
S(i) be a solving set for Pi in K. If, whenever ∈ SG such that −1GL6Aut(X )
there exists !∈Aut(X ) such that 〈GL; !−1−1GL!〉 is genuinely s-step imprimitive,
then there exists a solving set for X that is contained in
∏r
i=1 S(i).
Proof. As 〈GL; !−1−1GL!〉 is genuinely s-step imprimitive, by Theorem 12, there
exists –∈ 〈GL; !−1−1GL!〉 such that H = 〈GL; –−1!−1−1GL!–〉 is nilpotent. As H
is nilpotent, it follows by Lemma 10 that H is equivalent to
∏r
i=1 H=Ci, where each
H=Ci is isomorphic to a Sylow pi-subgroup of H , where Ci is as in Lemma 10. As
H=Ci is isomorphic to a Sylow pi-subgroup of H; 〈GL; !−1−1GL!〉=Ci6H=Ci. By
Theorem 19, H (k)=
∏r
i=1 (H=Ci)
(k). As S(i) is a solving set for Pi inK, by Lemma 14
there exists si ∈ S(i) and vi ∈ (H=Ci)(k) such that s−1i (gL=Ci)si=v−1i (!−1−1gL!=Ci)vi.
As H (k) is equivalent to
∏r
i=1 (H=Ci)
(k), we have that if s = (s1; : : : ; sr) and v =
(v1; : : : ; vr), then v∈H (k) and then v−1!−1−1gL!v = s−1gLs. The result then
follows by Lemma 13.
The following conjecture was made by Muzychuk and PQoschel [21] in 2000. Note
that a binary relational structure is simply a multi-digraph.
Conjecture 21. If, for every 16 i6 r; S(i) ⊆ Spaii is a solving set for Cayley digraphs
of Zpaii , then S(1) × · · · × S(r) is a solving set for Cayley digraphs of Zn, where
n= pa11 · · ·parr and the pi; 16 i6 r are distinct primes.
This conjecture has been veri3ed for some particular values of n. Speci3cally, if
m is odd and square-free, then Muzychuk has shown that Zm; Z2m [18] and Z4m
[19] are CI-groups with respect to digraphs. One other special case of this conjecture
was veri3ed in [6] (the value of n is somewhat complicated, but quite similar to the
value of n given in Corollary 30). We now verify this conjecture for the values of n
under consideration in this paper. This follows by setting k =2, the observation above
that a binary relational structure is a digraph, and the fact that the isomorphism pro-
blem for Cayley digraphs of odd prime power order has been solved by Klin and
PQoschel [15].
Corollary 22. Let m be a positive integer with gcd(m;’(m))=1 and m=p1p2 · · ·pr be
the prime power decomposition of m. Let n=pa11 p
a2
2 · · ·parr , where a‘¿ 1 is a positive
integer. Let S(i) ⊆ Spaii be a solving set for Cayley k-ary relational structures of Zpaii .
Then S(1)× · · · × S(r) is a solving set for Cayley k-ary relational structures of Zn.
Proof. Let X be a Cayley k-ary relational structure of Zn, and ∈ Sn such that
−1(Zn)L6Aut(X ). By [20, Theorem 4.9], there exists !∈ 〈(Zn)L; −1(Zn)L〉 such
that 〈(Zn)L; !−1−1(Zn)L!〉 is genuinely s-step imprimitive. The result then follows
by Theorem 20.
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We would like to make the following two conjectures. Further justi3cation for both
of these conjectures will be given later in the paper.
Conjecture 23. If, for every 16 i6 r; S(i) ⊆ Spaii is a solving set for Cayley digraphs
of an abelian pi-group Pi, then S(1)× · · · × S(r) is a solving set for Cayley digraphs
of
∏r
i=1 Pi, where the pi; 16 i6 r are distinct primes.
Conjecture 24. If, for every 16 i6 r; S(i) ⊆ Spaii is a solving set for Cayley k-ary
relational structures of an abelian pi-group Pi, then S(1)× · · · × S(r) is a solving set
for Cayley k-ary relational structures of
∏r
i=1 Pi, where k¿ 3, and the pi; 16 i6 r
are distinct primes such that pi does not divide pj − 1 for any 16 i; j6 r.
Lemma 25. Let m be a positive integer with gcd(m;’(m)) = 1 and m= pq1 · · · qr be
the prime power decomposition of m. Let n = paq1 · · · qr , where a¿ 1 is a positive
integer, and assume that pa ¡q1 and for 16 i6 r − 1 that paq1 : : : qi ¡qi+1. Let
s = a + r, and G an abelian group of order n. Then for every ∈ SG, there exists
!∈ 〈GL; −1GL〉 such that 〈GL; !−1−1GL!〉 is genuinely s-step imprimitive.
Proof. We 3rst show that a transitive p-group of degree pa is genuinely a-step im-
primitive. We proceed by induction on 16 i6 a. Note the result is trivial if a = 1
as a transitive p-group of degree p is necessarily cyclic of prime order. Let P be
a transitive p-group of degree pi; i¿ 2. Then Z(P), the center of P is nontrivial,
and thus there exists %∈Z(P) of order p. Then 〈%〉 / P so that P admits a complete
block system B formed by the orbits of 〈%〉. By induction, P=B is genuinely a−1-step
imprimitive. It is then not di/cult to see that P is genuinely a-step imprimitive and
the claim follows by induction.
To prove the entire result, we proceed by induction on r. If r=0, then 〈GL; −1GL〉
is a p-group and so there exists Sylow p-subgroups P1 and P2 of 〈GL; −1GL〉
such that GL6P1 and −1GL6P2. Then there exists !∈ 〈GL; −1GL〉 such that
!−1P2! = P1. Hence 〈GL; !−1−1GL!〉 is a p-group, and the result follows by ar-
guments above. Let G be an abelian group of order n and ∈ SG. Note that a Sylow
qr-subgroup of Sn has order q
n=qr
r as qr ¿paq1 : : : qr−1. Let Qr be a Sylow qr-subgroup
of GL. Let B be the complete block system of GL formed by the orbits of Qr . Then
Qr and −1Qr are contained in Sylow qr-subgroups of 〈GL; −1GL〉, and hence there
exists !∈ 〈GL; −1GL〉 such that Qr and !−1−1Qr! are contained in the same
Sylow qr-subgroup of 〈GL; !−1−1GL!〉. As a Sylow qr-subgroup of Sn has order
qn=qrr and 〈Qr|B: B∈B〉 has order qn=qrr , we have that 〈Qr; !−1−1Qr!〉6 〈Qr|B:
B∈B〉. Hence if %∈GL, then %−1Qr|B%∈ 〈Qr|B: B∈B〉 and if %∈!−1−1GL! then
%−1Qr%∈ 〈Qr|B: B∈B〉. Let Q be a Sylow qr-subgroup of 〈GL; !−1−1GL!〉. We
conclude that Q/ 〈GL; !−1−1GL!〉. The result then follows easily by induction.
The following result follows immediately from Lemma 25 and Theorem 16.
Corollary 26. Let m be a positive integer with gcd(m;’(m)) = 1 and m = pq1 · · · qr
be the prime power decomposition of m. Let n=paq1 · · · qr , where a¿ 1 is a positive
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integer, and assume that pa ¡q1 and for 16 i6 r − 1 that paq1 : : : qi ¡qi+1. If
S ⊆ Spa and S(i) ⊆ Sqi are solving sets for an abelian p-group P of order pa and a
qi-group Pi of order qi, respectively, then S × S(1) × · · · × S(r) is a solving set for
P ×∏ri=1 Pi.
Applying Theorem 19 to the preceding result, we have the following result.
Corollary 27. Let m be a positive integer with gcd(m;’(m)) = 1 and m = pq1 · · · qr
be the prime power decomposition of m. Let n = paq1 · · · qr , where a¿ 1 is a posi-
tive integer, and assume that pa ¡q1 and for 16 i6 r− 1 that paq1 : : : qi ¡qi+1. If
S ⊆ Spa and S(i) ⊆ Sqi are solving sets for Cayley k-ary relational structures of an
abelian p-group P of order pa and a qi-group Pi of order qi, respectively, then
S × S(1) × · · · × S(r) is a solving set for Cayley k-ary relational structures of
P ×∏ri=1 Pi.
Some information is known about solving sets for Cayley digraphs of abelian groups
of prime power order. We now investigate the implications of the above results for
these groups.
Corollary 28. Let m be a positive integer with gcd(m;’(m))= 1 and m=p1p2 · · ·pr
be the prime power decomposition of m. Let n = pa11 p
a2
2 · · ·parr , where a‘¿ 1 is a
positive integer, and s =
∑r
i=1 ai. Let G be an abelian group all of whose Sylow
subgroups are elementary abelian. Then the following are equivalent:
(1) G is a CI-group with respect to digraphs,
(2) whenever 0 is a Cayley graph of G and ∈ SG such that −1GL6Aut(0), then
there exists !∈ SG such that 〈GL; !−1−1GL!〉 is genuinely s-step imprimitive
and every Sylow subgroup of G is a CI-group with respect to digraphs.
Proof. Let 0 be a Cayley graph of G. If 1) holds, then there exists !∈Aut(0) such
that !−1−1GL!= GL. As GL is nilpotent, the result follows by Lemma 9.
Conversely, suppose whenever ∈ SG such that −1GL6Aut(0), then there exists
!∈ SG such that 〈GL; !−1−1GL!〉 is genuinely s-step imprimitive. By Theorem 12,
there exists ∈ 〈GL; !−1−1GL!〉 such that 〈GL; −1!−1−1GL!〉 is nilpotent. By
Theorem 20 we have that a solving set for 0 is of the form S(1)× : : : S(r), where each
S(i) is a solving set for Cayley digraphs of a Sylow pi-subgroup of G. By hypothesis,
a Sylow pi-subgroup Pi of G is CI-group with respect to graphs, and this occurs if
and only if Aut(Pi) is a solving set for Cayley digraphs of Pi. Whence a solving set
for 0 has the form
∏r
i=1 Aut(Pi)6Aut(G) and the result follows.
Combining Corollary 28 with Lemma 25 we have the following result.
Corollary 29. Let p be a prime and q1; q2; : : : ; qr be distinct primes such that
gcd(pq1 : : : qr ; (pq1 : : : qr)) = 1; q1 ¿pk , and for 1¡i6 r; qi ¿pk
∏i−1
j=1 qj. Let
n = pk
∏r
j=1 qi, and G be an abelian group of order n whose Sylow p-subgroup is
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elementary abelian. Then G is a CI-group with respect to digraphs if and only if the
unique Sylow p-subgroup of G is a CI-group with respect to digraphs.
It has been shown that for a prime p; Zp [23], Z2p [9], Z3p [4], and Z4p (independently
in [11,17]) are CI-groups with respect to graphs and digraphs (although the proofs given
in these results sometimes are stated only for graphs, the results hold for digraphs as
well). We thus have the following result.
Corollary 30. Let p be a prime and q1; q2; : : : ; qr be distinct primes such that
gcd(pq1 : : : qr ; (pq1 : : : qr)) = 1; q1 ¿pk; 16 k6 4, and for 1¡i6 r;
qi pk
∏i−1
j=1 qj. Let n = p
k∏r
j=1 qi, and G be an abelian group of order n whose
Sylow p-subgroup is elementary abelian. Then G is a CI-group with respect to di-
graphs.
The preceding result and the following result generalize results found in [6].
Corollary 31. Let p be a prime and q1; q2; : : : ; qr be distinct primes such that
gcd(pq1 : : : qr ; (pq1 : : : qr)) = 1; q1 ¿p3, and for 1¡i6 r; qi ¿pk
∏i−1
j=1 qj. Let
n = pk
∏r
j=1 qi, and G be an abelian group of order n. Then a Cayley digraph of
G=Zp×Zp2×
∏r
i=1 Zqi is either a CI-digraph of Zp×Zp2×
∏r
i=1 Zqi or is canonically
isomorphic to a Cayley digraph of Z3p ×
∏r
i=1 Zqi .
Proof. Suppose that 0 is not a CI-digraph of G. Let S be a solving set of 0. By
Theorem 20 and Lemma 25, a solving set for 0 is T ×∏ri=1 Aut(Zqi), where T is
a solving set for some Cayley digraph (binary relational structure) 0′ of Zp × Zp2 ,
and no possible choice of T can be Aut(Zp × Zp2 ). By Dobson [5] (although only
stated for graphs, the results hold for digraphs as well), 0′ is canonically isomorphic
to a Cayley digraph of Z3p so that 0 is canonically isomorphic to a Cayley digraph of
Z3p ×
∏r
i=1 Zqi .
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